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Abstract

This report is principally concerned with c.r work on the physics of

transport in two dimensional systems. We show that the logarithmic
corrections to the conductance of Si inversion layers arise from both

interaction and localization effects. Application of a magnetic field
suppresses localization and enhances the role of interactions. At
certain values of magnetic field both effects can be present, but with

a different stability against increasing temperature. Consequently,

heating the electron gas with an electric field allows the observation

of a transition between them. Decreasing elastic scattering decreases

the magnetic field required to suppress localization, as the enhancement

of the interaction effect arises from spin a clear separation is obtained

between the mechanisms.

The electron-electron scattering rate has been investigated and

it is found that quantum corrections produce a deviation from the

Landau-Baber T 2 law. We have also proposed the dependence of the conduct-

ance on a universal length.

Similar experiments are reported on GaAs and further work on the

conductance oscillations is described. Standard commercial GaAs FET's

exhibit the oscillations but the clear periodicity is not always present,
possibly this is related to the "dirtiness" of the system.
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Introduction

This report is the final technical report of this particular
grant. During its term extensive progress was made in understanding
two dimensional transport. The conductance oscillations were found
and it was shown that ballistic injection into semiconductors was a
very useful method of investigating phonons and inelastic scattering
in semiconductors. It was also shown that spin dependent recombination
could be applied to gate controlled Si p-n junctions and the g
value of the centres was determined.

In this, the final report of the present grant, most attention
is devoted to the problem of logarithmic corrections in two
dimensional transport; essentially, the physics of this problem is
now understood very well.

Localisation in Two Dimensional Systems

We have investigated the validity of theorems claiming that true
diffusion does not occur in two dimensions (2D). It was initially
suggested by Abrahams et al.1 that all states in two dimensions are
weakly localised. (The quantum analogy of Polya's2 theorem (1921),
that a random walker in two dimensions will always return to the
origin as the system size is increased). The conclusion of Abrahams
et al. has since been reached by other theorists 3'4 . In the weak
scattering limit it is suggested that the conductance of a 2D system
is given by

e=0 - ' tn(L/t) (1)

Here a is the normal conductance, neT/Di (T is the mean free time for
scattering and m is the effective mass), a is a constant having a value
of unity or half depending on the extent of spin scattering. L is the
system size which is the specimen length at absolute zero, and at
finite temperatures is the distance an electron diffuses before being
scattered into another state. The inelastic scattering which is
responsible for this process is electron-electron scattering which at
low temperatures dominates over electron-phonon scattering. L can be
defined as L = ( t LIN)O where e and tIN are the elastic and inelastic
mean free paths' respectively, t = VFT where VF is the Fermi velocity.

As L will vary as Tp , where T is the temperature and p an
appropriate power (p = 2 according to Landau-Baber theory) the
conductivity correction becomes

e(227--f n T (2)

Another theory which predicts a logarithmic temperature dependence was
proposed by Altshuler, Aronov and Lee 5 ,6 . These authors had
incorporated the effects of elastic scattering, and broadening of the
electron energy, into Fermi liquid theory. They find a conductance
correction, a, given by

e2

a (2 - 2F)tn T (3)

where F is a factor arising from screening which is near unity for low
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values of carrier concentration and tends to zero as the carrier
concentration increases. Thus, if F is zero and ap = 1, there is
no difference between the predictions of the two theories, equations
3 and 2. However, the theories of the magneto-resistance and Hall
effect indicate that here the behaviour will be very different in the
two cases5,6,7. It is suggested that in the localization regime the
Hall mobility will have the same temperature dependence as the
conductance, i.e. decreasing logarithmically with temperature. On
the other hand, for the interaction regime theory predicts that the
Hall constant RH varies as

6RH 26a
- = -(4)

i.e. the carrier concentration ilecreases at twice the rate of the
conductance, implying a Hall mobility which increases logarithmically
as the temperature decreases. In the localisation regime the effect
of a magnetic field is to decrease the scale length of the system,
reducing the conductance correction and giving a negative magneto-
resistance. Initially then it was thought that there was no magneto-
resistance in the interaction recime, but this conclusion was
subsequently modified.

The first experimental results on inversion layers and metal
films indicated the existence of the logarithmic correction, but it
was not clear which mechanism was responsible. The paper of Uren,
Davies and Pepper showed that both mechanisms were present, the
abstract of this paper is now reproduced.

"The observation of interaction and localisation effects in
a two dimensional electron gas at low temperature",
- M.J. Uren, R.A. Davies and M. Pekper, J. Phys. C13, L985, 1980.

Abstract

We have investigated the logarithmic regime of transport of
the two dimensional electron gas in the Si inversion layer between
.05K and 1K. There was little band tailing in the specimens used, and
it was possible to achieve the kFt %l condition at carrier concentra-
tions as low as %2.1015 m- 2. The behaviour of the conductance and Hall
effect suggest that in the presence of a magnetic field the logarithmic
corrections are caused by the electron-electron interaction. In
particular, we confirm the prediction of this theory that the Hall
coefficient varies at twice the rate of the resistance. However, at
zero, or low values of, magnetic field it appears that the transport
behaviour arises fron localisation rather than interactions. At
particular values of magnetic field these two mechanisms are both
present, but have a different stability against an increase in temperature.
Consequently, at a constant lattice temperature, it is possible to
observe a transition between them as the electron temperature is
increased with an electric field.

This paper resolved the problem by showing that both theories were
correct, the essential feature of the inversion layer being that
because the values of carrier concentration were low, %1012 cm- 2, F
was 1, 0.9. Consequently, the interaction mechanism was not observed
in the absence of a magnetic field. It was subsequently theoretically
shown that a magnetic field enhanced the interaction effect by converting
(2 - 2F) in equation (3) into (2 - F).
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The existence of the logarithmic correction, typically 7% per
decade of temperature, allows the measurement of the electron
temperature as a function of applied electric field. This is one of
the few methods of finding the electron temperature of a metallic
system. As Anderson and co-workers8 have shown, plotting the
dependence of applied electron temperature on electric field allows
the determination of the temperature dependence of the rate of energy
dissipation. This will give the dimensionality of the phonons
emitted by the electrons. It was found that the emission rate /T
varied as Te, where Te is the electron temperature. As this
particular temperature dependence is not characteristic of phonons,
it points to the possible existence of tunnelling centres at the
interface. Absorption of energy by these centres will have the
observed temperature dependence, the existence of these centres has
also been invoked by other authors to explain hot electron phenomena
at temperatures near 4.2 K.

9

The effect of a magnetic field is to reduce the logarithmic
correction. Physically this effect arises because the magnetic field
introduces a new length scale - the cyclotron length. Essentially
the mixing of states by the magnetic field cuts off the increasing
definition of a state as the inelastic diffusion length increases.
This problem has been considered in detail by Hikami et al. 1 0 and
Altshuler et al.6 , these authors find that in the presence of a
magnetic field, B, the conductance correction, 6, is given by

2= [l( + h/4eB TIN D) + n(4eB/h)] . (5)

Here T and TIN are the elastic and inelastic scattering times, D is
the diffusivity of an electron (Vp2T, where VF is the Fermi velocity)
and t is the Digamma function, also known as the Psi function. The
Digamma function is rather unwieldy and iacks physical expression.
As the localisation is only dependent on the length scales it should
be possible to define a more physical, and composite length. We have
invoked the length Lc which is given by

Lc l = (L1- 2 + L2-2 + L 3-
2 + L4- 2 ... )

L1 etc. are the individual length scales which may be the inelastic
diffusion length, cyclotron length, diffusion length in the presence
of external radiation etc. The results of these considerations were
published in -

"Localisation in disordered two dimensional systems and the
universal dependence on diffusion length", - M. Kaveh,
M.J. Uren, R.A. Davies and M. Pepper, J. Phys. C14, L413, 1981.

Abstract

We extend the treatment by Kaveh and Mott of the effect of weak
localisation on the conductivity of disordered two-dimensional systems
to include the effect of magnetic and electric fields on the
localisation. It is shown that the change in conductivity due to the
localisation depends on only one parameter, the diffusion length.
This result holds irrespective of the number of independent mechanisms
which individually correspond to a separate diffusion length. Our
experimental values of the conductivity for different temperatures,

electric fields and different magnetic fields fall on the predicted
universal curve. The derived formulae for the conductivity, when few
mechanisms determine the length scale, are in agreement with our
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experimental data, which enables us to identify the individual
diffusion lenghts.

The logarithmic correction due to localisation is a low temperature
effect in Si inversion layers because electron-electron scattering
causes a rapid transition between localised states and, hence, L'%e above

the helium range of temperature. The normal electron-electron
scattering law which is encountered in metals is that originally
derived by Baber, in which T 1 T 2 . This law arises from scattering
across the Fermi surface, and the T 2 comes from the product of the
number of electrons which can be scattered varying as T and the
number of states into which they can be scattered also varying as T.
In the presence of impurity scattering, the electronic wavefunction
is broadened over a range of energy near the Fermi energy. The effect
of the broadening is to alter the rate of scattering when the change
in electron momentum is small. In two dimensions this leads to a

law o the orm -1= T
law of the form Tee = AT2 +BT - the quantum law of electron-electron
scattering. In three dimensions, the T term is replaced by T3/2 .
In order to investigate this effect the electron-electron scattering
rate at low temperatures was found from the temperature dependence of
the negative magneto-resistance.

"Magnetic delocalisation of a two-dimensional electron gas
and the quantum law of electron-electron scattering",
M.J. Uren, R.A. Davies, M. Kaveh and M. Pepper, J. Phys. C14,
L395, 1981.

Abstract

We discuss the effect of a magnetic field on the weak localisation
of a two-dimensional electron gas. It is shown that, due to quantum
corrections the electron-electron relaxarion time Tee varies with
electron temperature T as T-1 = AIT + A 2T

2 , in the temperature
ee

range 3 K - 0.1 K. This short Tee causes a rapid transition between
states which are weakly localised and so reduces the logarithnic
correction to the conductance.

In the previously quoted paper of Uren, Davies and Pepper it was
shown that logarithmic corrections were present which arose from both
localisation and interaction effects. Increasing the magnetic field
suppressed localisation and enhanced interactions, but a logarithmic
correction was always present. Increasing the mean free path for
elastic scattering increases the diffusion length and so the
localisation will be suppressed by a lower values of magnetic field.
As the magnetic enhancement of the interaction effect arises from a
spin effect, the magnetic field dependence of this mechanism should
be unaffected.'' Applying a parallel magnetic field should enhance
the interaction effect without affecting localisation, thus the
additive combination of the two will result.

These effects were explored in the following paper -

"Magnetic separation of localisation and interaction effects in
a two-dimensional electron gas at low temperatures", R.A. Davies,
M.J. Uren and M. Pepper, J. Phys. C14, L531, 1981.

Absract

We show that by '-- pp' .tion of a magnetic field it is possible
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to achieve complete separation of localisation and interaction
mechanisms in two dimensions. Measurements of the conductance of
silicon inversion layers show that, at certain values of magnetic
field, it is also possible to achieve metallic conduction near 50 mK.
It is also shown that the appearance of the intera-'tion mechanism is
not strongly dependent on the direction of the magnetic field,
implying that the origin of the effect is in electron spin rather
than cyclotron orbit motion. The implications for the quantised Hall
resistor are discussed.

The implications for the quantised Hall resistor 12 are clear.
The localisation correction is suppressed by a magnetic field and
interactions do not affect axy. Thus, unless second order effects
in localisation are insensitive to B, the quantisation of Oxy is
unafffected.

This type of study of two dimensional transport has been extended
to the two dimensional gas in GaAs at the interface between
undoped GaAs and doped GaAtAs. It is known that in these structures
electrons in the GaACAs fall into the GaAs and form a degenerate,
two dimensional, electron gas at the interface of the two materials.
Structures grown by Molecular Beam Epitaxy show very high values of
electron mobility. 13 The samples used in our experiments were grown
by liquid phase epitaxy and showed values of mobility, about
2.104 cm2 volt-1 sec- 1. The specimens were not gated and the carrier
concentration was vl.4 1012 cm- 2 . It was found that both localisation
and interaction effects were present, this latter effect being
greater than in Si because of the greater 2D screening distance, and
smaller values of F, in GaAs. Application of a magnetic field suppresses
localisation and allows clear observation of the interaction mechanism.
The electron-electron scattering rate was measured and found to
deviate from the Landau-Baber T2 law. Measurement of the rate of
energy dissipation indicated that the phonons emitted by hot electrons
were two dimensional, possibly an interfacial mode. This work was
published in the following paper -

"The observation of localisation and interaction effects in
the two-dimensional electron gas of a GaAs-GaACAs hetero-junction at
low temperatures", D.A. Poole, M. Pepper and R.W. Glew, J. Phys. C14,L995, 1981.

Abstract

We have investigated the logarithmic correction to the transport
properties of the two-dimensional electron gas at the (modulation-
doped) GaAs-GaAZAs interface in the temperature range 4.2 - 0.34 K.

GaAs is different to Si in that, due to the low density of states,
the electron screening length is greater. This allows the
existence of a significant logarithmic correction from the electron-
electron interaction in the absence of a magnetic field. The
experimental results are consistent with the co-existence of
localisation and interaction effects although the analysis is
complicated by the occupation of two sub-bands.

We have investigated the electron-electron scattering rate and
find that, as in the Si inversion layer, the temperature dependence
is reduced by quantum corrections. Analysis of the rate of emission
of phonons by hot electrons indicates that the phonons of importance
are two-dimensional.



Conductance Oscillations in Two Dimensional Systems

We have pursued the oscillations found previously in GaAs
structures.14 In the initial experiments it was found that the
miz;ima occurred when the separation between electrons, re, was
given by Nx where N is an integer and x is %110 A. As the
temperature is lowered half and quarter integer minima appear.
The original samples were n on p+ structures and the conducting
channel was forced away form the p+ - n interface by the application
of a substrate bias. We have now found that standard commercial
devices show weak oscillations below %10 K. A number of such
devices have been purchased and we are examining their characteristics.
It often appears that the oscillations are linear with carrier
concentration rather than with the separation of carriers. The
cause of this is not clear but it may be related to the "dirtiness"
of the systems.

Previously we had found that oscillations were produced in the
accumulation regions over the source and drain regions of Si MOSFETS's.

15

In order to determine the relationship between the oscillations and
carrier localization, change was induced in the oxide above an inversion
layer by avalanch injection. After this process it was found that
oscillations appeared in the conductance-gate voltage relation. At
present it has not been possible to ascribe a periodicity to the
oscillations, probably as a result of inhomogeneities. The temperature
dependence of the conductance was measured and was found to be of the
form o = amin exp(-W/kT). Here amin, the minimum metallic conductance,
was % 310-5 2-1 and the activation enercy W oscillated as a function
of carrier concentration. The exsitation to the mobility edge, indicates
that the oscillations are not caused by electrons hopping between
peaks in the density of states. Recent theoretical work suggests
that the oscillations arise from electron ordering16 , and, if so, this
would agree with the result that the excitation energy is an
oscillating function of carrier concentration. However, final
confirmation must await results on a cleaner inversion layer where a
well defined periodicity is found.
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LETTER TO THE EDITOR

The observation of interaction and localisation effects in a
two-dimensional electron gas at low temperatures

M J Uren. R A Davies and M Pepper
Cavendish Laboratory, Unisersity of Cambridge, Madingley Road, Cambridge CB3 Of IE

Received -1 September 1980

Abstract. We have investigated the logarithmic regime of Iransport of the %to-dimensional
electron gas in the Si insersiton laser between 005 K and I K. There was little hand tailin,
in the specimens used. and it was possible to achieve the k~lt - I condition at carrier
concentrations as low as - Z 10' m - ', The behaviours of the conductance and the Hal
effect suggest that in the prestnce of a magnetic field the logarithmic corrections are Caud
by electron electron inieraz.ion. In particular, we confirm the prediction of this theor. thlt
the Hall coefficient %aries a! zu ice the rate of the resistance. Howes er. at low salues of ni..g-
netic field it appears that the transpon beha\iour arises from localisation rather than nrtei-
actions. At particular value, of magnetic field these tw% o mechanism, are both present. b-:
have a different stability against an increase in temperature. Consequently. at a constant
lattice temperature it is possible to cbsere a transition between them as the electron tern-
perature is increased vith an electric field.

* Recently there have been many contributions to the theory of electrical transport in
* two-dimensional (2D) systems. Early computer simulations of the 2D transport procc's

(Licciardello and Thouless 1975) showed that a sharp mobilil . edge separated extended
and localised states, and that there was a minimum metallic conductance a.. with a
value near 0.1 e2'h (3 x 10-' f0- '. However. later calculations by these authors
(Licciardello and Thouless 1978) indicated that a,, decreased with increasing sample
size. This suggested that. as the sample size went to infinity. cr,,. went to zero. i.e. all
states in 2D were localised. On the other hand. simulations by Lee (19791 failed to rcxeal
this effect and he concluded that extended states, and a am near 0.1 e2 t. existed in 21).
All the calculations neglected the effects of the electron-electron interaction.

Abrahams et at (19791 (AALR) developed a one-electron scaling theory and also.
suggested that all electronic states are localised in 21). These authors propose thai whn
the sheet conductance a of a systein is 0.1 e- It, a transition occurs from strong to weak
localisation: The weak localisation causes a to behave as

a = O - (e2z:,n2h) In L (1)

where ao is the 'normal' conductance te 'r. x is a constant with values or I and I. is I
a scaling length. The meaning of L can be obtained by considering the Thoulkss (1974)
expression for the conductance of a system:

a = e2(AE>,.h6E>. (2)

ilere (AE) is the shift in energy of an average level %%hen the boundarN condition ph.tsc

0022-3719/80/330985 + 09 $01.50 C) 1980The Institute of Physics L985
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is changed, and 6E\ is the mean separation of adjacent levels. It is argued (Anderson field, then the ratio
er al 19791 that L. the effective sample si/e in cquation (I. is the ma mm diffusion of li I is I p 2.
length allowed before the smallest energy in equation (2) becomes indistinct due to tiula toapplyif
inelastic scattering. Thus, if the inelastic scattering rate varies with temperature as T', Ilere h would not
L varies as T -' and the temperature-dependent logarithmic correction becomes I, as this increases.

A I electron electrons
Aa = (e'-ib/2n~h) In T. (3) The first exper

For electron-electron scattering b = 2. and h = 2. 3 or 4 for two-dimensional and three- (DoLin and Osher
dimensional phonon scattering in the dirty and clean limits respectively. AALR point inxersion layers is
out that, on their model, if Aa is erased b% electron heating then a trinsition between Bishop er al (1980

II activated and metallic conduction will occur when a = 0- 1 e2/h. la. ers. for kIl t >
Fukuvama (1980ai suggests that equation ( 1) is not significantly affected by the valley and b = P

degeneracy which exists in Si inversion layers. Abrahams and Ramakrishnan (1979, localisation model
1980) and Gor'kov et at (1979) have considered the quantum corrections in the im- A negative ma
purity scattering of non-interacting electrons. They too find a logarithmic correction Kawaguchi and K
in the conductance. Haydock (19S0) and Houghton et a1(1980) have also suggested that 1S(). However. t
all states in 2D are localised. collisions required

An alternative point of view has been proposed by Altshuler et at (1980a). They It is to be note
maintain that a logarithmic correction is not the result of localisation. but is produced is a factor of 20:1
by the electron-electron interaction in the presence of weak impurity scattering. In bigutously: for exa
the low-frequency limit, they find the temperature-dependent correction is variation necessar

Aa = (e2 ,4h-t2 (2 - 2F) In T. (4) The experimer

F is determined by screening in the system, and if kF K , 1, where k, is the Fermi k fabricated on thet

vector and K is the inverse 2D screening length, of potential probe
devices was adjus

F - 1 - 4kF/7rK. (5) Scattering from t!

Fukuyama (1980b) has also obtained a similar result for interacting electrons, less than 065 m
this work was theAltshuler et al (1980b) (AKLL) have suggested that measurement of the Hall effect is Thus mea,

enables a distinction to be made between the localisation (AALR) and the interaction mr c.hsea'
(Alshuler et al 1980a) models. Fukuvama (19S0c) showed that the localisation model carrier concentral
requires the Hall mobility to vary with temperature or electric field) in the same manner Th aple
as the conductance. i.e. the Hall constant RH does not change, On the other hand, the of a dilition refr
interaction model predicts that the Hall conductance a,,, is unaffected by the logarithmic measured with a c
correction in a... Thus, as Rn = a, ,rV, the correction in R., AR, is (Altshuler et al at the lowest teml
1980b) measurements, w

methods at low fi-
ARH/R = - 2 Aa/a. (6) but the four-term

Consequently the Hall mobility increases logarithmically with decreasing temperature. We found the
The interaction model does not predict any magnetoresistance, whereas AKLL greater than 10k

suggest that in the localisation model the magnetoresistance is negative and leads to weak temperatur
the suppression of the logarithmic temperature dependence. This conclusion has also behaviour was fc
been drawn by Hikami et a! (1980). The criterion for the suppression of the temperature the change in sai
dependence is that the cyclotron radius is comparable with the inelastic diffusion length. dependence of tt
Below 0"1 K this condition can be achieved with fields of a few tens of Gauss. field was swept.

A method of determining the inelastic scattering mechanism has been presented by accuracy.
Anderson et at (1979). For a constant lattice temperature, increasing the applied electric The I lall effe
field E increases the electron temperature, and hence the conductance. If the electron- The magnetic fiel
phonon relaxation time varies as T. and if the inelastic scattering mechanism deter- than 10. the hig
mining the behaviour of Aa as a function of temperature at low fields is unaffected by the behaviour of R.
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S. It is argued (Anderson field, then the ratio of the change in Aa as a function of In T to the change as a function
the maximum diffusion of In E is 1 + p/2. From simple phase space considerations we would not expect this

comes indistinct due to formula to apply ifAa, as a function ofln T is determined by electron-electron scattering.
with temperature as T', Here b would not equal 2 and might be expected to become a complicated function of
:orrection becomes E as this increases. In this context we note that it has been suggested that b = I for 2D

electron-electron scattering in the prescnce of impurity scattering (Abrahams etal 19,14)a.
()The first experimental observation of a In T dependence was in thin metal films

)-dimensional and three- (Dolan and Osheroff 1979). A very weak decrease in extended state conductance in Si
:spectively. AALR point inversion layers is present in the results of Adkins et a/ 11976: figure 3). Recent work by
ien a transition between Bishop et al (1980) (BTD) established that the decrease in conductance of Si inversion

layers, for klLL > 1, below I K is consistent with the proposed In T laws. BTD found
tlyaffected by the valley a = and b = p = 3: this value of x is too small to be satisfactorily explained by thedi Ramakrishnan (1979, localisation model.i
corrections in the im- A negative magnetoresistance is consistently observed in the logarithmic regime.
logarithmic correction Kawaguchi and Kawaji (1980) have fitteC their results to the expression of Hikami ct al

iave also suggested that (1980). However, their extraction of an inelastic scattering rate due to electron-electron

collisions required the unphysical behaviour of a temperature-dependent 1.
der et al (1980a). They It is to be noted that in general the changes in a are < 10 ", and the variation in Tsation, but is produced is a factor of 20:1 K-So inK. Consequently a logarithmic law cannot be rnferred unam-

impurity scattering in biguously: for example, compare this change in Ao to the three orders of magnitude
,rrection is variation necessary for the confirmation of the 2D hopping law (Mott ct al 19751.(4) !The experimaents reported here were carried out on n-channel silicon gate Ntisi s

vhere kF is the Fermi k fabricated on the (100) Si surface. The sample size was 250 pm x 250 pm and two pairs
of potential probes were equally spaced along the channel. The threshold voltage of the(5) If devices was adjusted in the positive direction by the implantation of boron acceptors.

Scattering from these charged acceptors limited the peak mobility at 4-2 K to valucs
ting electrons. less than 0.65 m2 V- ' s ', depending on the doping. However, of more importance toment of the Hall effect this work was the fact that there was little band tail localisation ( 2-4 × 1015 states

-R) and the interaction m 2 ). Thus measurements of the logarithmic correction could start at this value of
the localisation model carrier concentration, considerably Iower than in the BTD experiments.
:Id) in the same manner The samples were mounted onto a copper rod and connected to the mixing chamber

)n the other hand, the of a dilution refrigerator. The temperatures were in the range 50 mK-I K and were
cted by the logarithmic measured with a calibrated germanium thermometer. In order toensure ohmic behaviour

Rtis (Altshule r et al at the lowest temperatures an electric field oft 10-50t x 10 -
3 V m - I was necessary. 1 he'

measurements were taken by conventional four-terminal techniques. using lock-in
methods at low frequency (10 Hz). The samples did not normally show contact resistance.(6) but the four-terminal technique was used to remove any' residual effects.

:creasing temperature. We found the well known exp(T,,/T) t3 hopping behaviour for sample resistances R
ance, whereas AKLL greater than 10 kQ, a factor of 4 1'wer than I0h,c. When R was smaller than 10 ko a
negative and leads to weak temperature dependence was found, consistent with a logarithmic law. A similar

is conclusion has also behaviour was found as a function of electric field at a constant temperature. Because
on of the temperature the change in sample resistance in the logarithmic regime was small, the electric fi ld• lastic diffusion length, dependence of the resistance was investigated by measuring the differential as the iw+

ns of Gauss. field was swept. Subsequent integration gave the change in resistance with improved
has been presented by accuracy.
nig the applied electric ,The Hall effect was measured as a function of both electric field and temperatur,:.
tance. If the electron- The magnetic field employed was in the range 0.1-2'5 T. The Hall angle %%as normally less
ing mechanism deter- than 10', the higher fields being used when the mobility was low. Figure Itl) shows the
ds is unaffected by the behaviour of R as a function of E near 50 inK; the differential of I,, as a function of

- .-t'-

... . . .. .j
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Figure I. (a) Percentage changes in resistance R. and Hall constant R, against electric field.
Doping 2-3 x lO1m- : B = 0-4T: R - 1-7k M T = 50iK: N,, = 61 x.i0"Im -2.
Ih) DifTerential of the Hall voltage in figure I(a) against two ranges in electric field. The
break in the upper curve is a transient. The scale on the top refers to the upper tracing.

electric field is shown in figure li(bl. I, is clearly seen to return to classical constant be-
haviour at high electric fields. and presumably, high electron temperature.

The ratio of the proportional change in Hall constant to the proportional change in
resistance is shown in figure 2: these results were obtained with two samples of different
doping. A ratio of 2 is found which persists as the carrier concentration N,.,, is decreased.
When N,,, is close to the onset of T - ' I behaviour, a sudden drop in value from 2 to 1
occurs for a change of Ni,* of only 4 x 10 " m - 2 in the lightly doped specimen. The drop
from 2 to I is gradual in the more highly doped (lower mobility) sample. The ratio of
2 was found for all fils in the range 0. V-2.5 T.

~I mint iJ
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I Figure 2. The ratio of the change in Hall constant to the change in resistance is plotted as a
function of resistance. For the low doping device ltrianieles) B = 0.4 T.V_ 2.5 . 10"
mn for R = 7-5 ki and 2-9 x 10'5 for R 5k(W. This corresponds to a field effect
mobility of approximatels I m-' V s ' for N,_ ='27 x 0". For the high doping deu ce
(squares) B =1-3T and N_, varies from 7.64 x 10"' to 2-34 x 10"~m--. Full symbols,
slopes versus E: open sy mhols. slopes versus T

The low-temperature resistance was investigated as a function of magnetic field B.
At 85 inK, increasing B caused a progressive decrcase in the slope of the resistance
versus In E relation. However, as B increased, it appeared as if a second logarithmic

I 0.
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K; N_= -1 x 10'' '.
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Sclassical constant be- -
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)d si~ n Theu fro rop Figure 3. Percentage changes in the resistance against electric field for various magntetic
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sape.Te ai1o 0" m ', I 5z 5 inK. A., 1 0)05. T, R 3 98 UL BI. R 0 1,1 T, R 3 79 kW C,
B - 0-525 T. R 3 373 kOl.
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process was becoming operative. This new 'high If process dominated when E was small,
and as E increased a clear break between the two processes could be observed. This is
shown in figure 3. Further increase in I resulted in the *high 1" process gradually extend-
ing over an increased range ofelectric field. unt il t he fir~st mechanism was not obser\ able.
At 85 mK the disappearance of the first process occurred at -0"25 T.

When the two mechanisms were weak and of a similar magnitude( - 0'1 T at 85 mK),
it was difficult to determine if the change in R was logarithmic, with a consequent
error on the slope. The gradients for the two mec inisms are plotted in figure 4, and we
believe that when the 'high B" process is logarithmic the slope is in fact a constant,
independent of B.

8

6-

a S1

g S

: °

as a function
o model of And

2- Turning r

001 01 1

BIT)

Figure 4. Percentage change in resistance per decade change in electric field for the same
de ice and conditions as in figure 3. The two points at B = 0-131 T correspond to the two
regions shown in figure 3 (curse Bj. Our separation of the two regimes is indicated by the
labelling , .

Unfortunately, our Hall data became ambiguous at those values of B or E required
for the first process to become dominant. It is not possible for us to say whether or not
the ratio of 2 was maintained in this regime.

The temperature dependence of the resistance in the ohmic range was investigated.
In figure 5 we show the temperature dependence for a field of 0.4 T and also when only
a residual field was present, (B < 0.005 T). As we can see, the 'high B" process. which is
completely dominant at 0.4 T, only starts when the temperature is reduced to 0-3 K,
whereas the first process (low B) is observed when the temperature is still above I K.

The resistance changes per decade of temperature and electric fields are shown in
figure 6 for a constant magnetic field of 1.31 T. The results as a function of electric field
are virtually identical to the zero-field results of BTD. However, the changes in AR/R
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ed when E was small,
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Figure 5. The change in imersion layer resistance against Ig 1. The scale on the right is for
V ,,,= 29 x 10" m- . B = 0-4 T. The scale on the left is for " = 38 x 10; m i.th
only residual magnetic fields. .%r, . 2-3 102' m ' for both).

as a function of temperature differ considerably from BTD. Application of the heating
model of Anderson et al gives a value of .b of -t I and a value of p of z I.

Turning now to a discussion of the results, the ratio of 2 found lor the ratio of the

N .lm-')
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notion of electric field B - 1 31 I; N,, 1ndIL.tctl on the uppci s,:ale. N I . I0' m . Open circles. loV'.
the changes in AR R versus T: fill circles, slope% crus F.
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proportional changes of R, and resixtance is good evidence for the validity of the inter- . itjon.
action model. i.e. the 'high B" process. It must be born in mind that this is only true for t c
B > 0.1 T. as reliable lall data were not obtained at smaller B. We can therefore com-
pare the magnitude of the logarithmic slope of the 'high B' process with the predictions .\ , (tJh
of Altshuler et al (1980a). lhe range of carrier concentration was such that 0.076 < % ork on the
kp!K < 02: thus the factor F (defined by equation (5)), is in the range 0.75 0.9. Equation olicludc tha
(4) is modified in the presence of a magnetic field, the factor 2 - 2F being replaced by Iioc\er. is
2 - F (AKLL, Appendix B). Hence the logarithmic correction now becomes i,\% fields, th

sho\\ n here
Aa = C(e/rt'h) In T. (7) lov~trithmic'

The numerical constant C increases from 0-56 to 063 for the values of N ,, and kF,
used in these experiments. The experimental value of C is 0.77 -+ 0.02, which is in reason- References
able agreement with theory, particularly bearing in mind the general uncertainty about
screening. In the absence of a magnetic field C is considerably reduced and this may brahanms F, A

account for the absence of these mechanisms at low B. It is to be noted that the value of \,Wj, I.. A

C of 0.77 + 0.02 is lower than the value predicted by localisation theory if a = 1, i.e. .\,.,jm i

a long spin flip scattering length, expected in Si where the spin-orbit coupling is weak.
As previously pointed out. the application of the heating model to the data of figure 6 Nd k t 1J

yields an electron-phonon scattering rate proportional to T. i.e. 1' - 1. This does not . itt..

correspond to any known mechanism and indicates that the heating model is invalid. AId:C,on P A

We expect this if the temperature dependence of the ohmic resistance is determined by Bi,hop t) J. T,

electron-electron scattering, or a general electron-electron interaction as implied by t)DI.1 ; j and
I uikua1'ia It Ithe Hall ratio of 2. Thus, there appears to be convincing eviden('t that *high B' mechanism NSO,

is the electron-electron interaction process postulated by Altshuler et al (1980a). This lOc J
model also predicts an absence of magnetoresistance, which is observed. L P.

The Iall ratio of 2 is strictly valid only when kl..i > 1 (I11 is the elastic scattering 1h\.o,: R V
length). This may account for the sharp drop in the ratio from 2 to I near the onset of Ifikann S. Larl

flotiliton A. J
T-: ' behaviour for the higher mobility (lightly doped) sample, whereas the ratio ,,,,,chi Y:
decreased more gradually for the lower-mobility sample with small 1t L (figure 2). 1,.c P A 1979 t

We now consider the process causing the logarithmic behaviour at low and zero B. I ,,lord.llo D
The negative magnetoresistance in this regime and suppression of the logarithmic 1978P,

variation by small B are both in agreement with the predictions of the localisation theory. M 'm 'sNV, Pep

It therefore appears that we have evidence for the existence of both the localisation and I holes D J I

the interaction mechanisms, the first being suppressed, and the second brought out, by
the application of a magnetic field. Although the logarithmic gradient in the interacting
state appeared to be independent of B. the range of electric field over which the change
was logarithmic did increase with B. This appears to indicate that the interacting state
is stabilised by B and can exist at higher electron temperatures as B increases.

Final confirmation of the existence of the two mechanisms must await measure-
ments of the Hall effect in the localisation regime.

We are grateful to Professor Sir Nc ill Mott, J It Davies. R V Haydock. \I Kaveh and
M J Kelly for many discussions on this topic. The low-temperature experiments were
performed at the SRC Rutherford Laboratory and would not have been possible
without the advice and help of Dr S F J Read and NM r (i Regan. This work was supported
by SRC and in part by the European Research Office of the US Army. \I J Uren and
R A Davies thank SRC for research studentships. We also thank V A Browne and R E
Oakley of the Plessey Company, Allen Clark Research Centre for advice on specimen

. .. i..
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LETTER TO ITHE EDITOR

Localisation in disordered two-dimensional systems and
the universal dependence on diffusion length

M Kaveht, N4 J Uren. R A Davies and M Pepper
Cavendish Laboratoty, Universit% of Cambrtidge. Madingleo Road, Cambridge CB3 01tE.
LIK

Received II March 19S1

Abstract. We extend the treatment by Ka'eh and Mott of the effect of weak Iocalisation on
the conductivity of disordCred ts\o-ditnensional s.,tcms to n'lude the effect of magnetic
and electric fields ot the localisation. It is show n tha. the chan e in conductivity due to the
Iocalisation tdepcnds on only one paramn.ter, the diffusion length. [his result holds irrespec-
tive of the number of independent niech.tni~nis \% hich indi\ idu:tll\ correspond to a separate
diffusion length. Outr esvpritmental %aitis of the conducts ity for different temperatures.
electric fields and diffcreti tnagnetic ficls fall on tfte predicted unt ersal eure. The deried
formulae for the conductiviti. shcn few niechanistns deternite tite length scale, are in
agreement with our experimental data., which enables us to identify the individual diffusion
lengths.

It has been suggested (Abrahams et al 1979. ;orkov et at 1979. Houghton et al 19S0.
|laydock 1981, Kaveh and Mott 1981a. b) that all states are weakly localised in a
disordered two-dimensional system. The nature of the localisation was recently studied
by Kaveh and Nlott (1981a). They described the random walk of an electron in the
disordered material. i.e. suffering from elastic scattering. by at diffusion equation. The
solution of the diffusion equation was correlated to the funclional form of the wave-
function. The analysis showed that the amplitude of the wavefunclion falls off as I.r and
it is essentially extended in the sense that it is not normalisable. At zero temperature
they found the result of Abrahams et cd (1979) that the metallic conductance decreases
as In L, where 1. is the size of the sample. At finlte tQtilpCraturcs the electron remains in
the same energy only over an inelastic scatterin,- time Tn. The elastic random walk of the
electron is therefore described by the elastic diffusion equation only when
r < Li(L,n - /l") = (D rJ)t)). where I and 4 are the elastic and inelastic mean
free paths respectively. This leads exactly to the result predicted by Anderson et al
(1979):

e2
64 - e ln(L,,/. (1)

The success of the diffusion equation in reproducing in a simple way (Kavch and Molt
1981a) the perturbation result obtained b Abrahams etat( 1979). and Gorkov tal( tr1979)
encouraged us to try and unify the effect of all possible external perturbations (such as

t Pcrmanent address: Bar.llan University. Ramat-Gan. Israel.

0022-3719/81/1.(0-113 + 07 $011.50@ 1981 The Institute of Physics L413
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electric and magnetic fields) on 6a via a modification of the diffusion equation from a
homogeneous equation to an inhomogeneous equation,

In this Letter we show that including external perturbations in the diffusion equation
leads to a universal dependence of 6a on one diffusion length. Our treatment supports
the scaling idea of Abrahams et at (1979) in the metallic region, where kFf> I (above a
'mobility edge'), that here only a length scale determines the conductivity.

The negative magnetoresistance predicted by Hikami et af (1980) and Altshuler et al
(1980) follows naturally and in a physically clear manner from our treatment, We
demonstrate here that the dependence of boon the sample length. on the temperature.
on the frequency, on the magnetic field and on the electric field shrinks into a universal
curve which is described by only one parameter: the diffusion length scale Ld. Our
experimental results confirm the hypothesis of universality and are shown in figure 1.

la- "  I 10 L tin 10
6

x
x

o-3 %0

-a

Figure 1. The change in conductivity is plotted against the log of the shortest length in the
system. The crosses indicate the conductivity determined by magnetic field and so the length
plotted is the cyclotron radius. Open circles indicate that the length is determined by L.,( f)
for ohmic electric fields and temperatures varying between 100 and 600 inK. Full circles
indicate that L,,(F) is the shortest length. which is changed by varying the electric field from
0.2-2.0 V m .The broken curve indicates where L, would lic for the same range of electric
fields. However, the values of D are'such that due to heating I.,, becomes much shorter than
Lp for the particular values of electric field.

Here all our data points for different temperatures, electric fields and magnetic fields
fall on a universal curve which will be discussed in more detail later. In addilion, we
present an expression for the dependence of the conductivity correction on every
individual diffusion length when more than one mechanism is operative. The depend-
ence of c on every individual diffusion length is verified experimentally, and excellent
agreement is found between our predictions and the experimental results.

We first extend the treatment of Kaveh and Mott (1981a) to include external per-
turbations such as electric and magnetic fields. The random walk of the electron for
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distances r > I is not now given by a homogeneous diffusion equation. We may write

DV2G(r, t) - aG/at = [aG/atxt (r _ 1) . (2)

where [aG/at,,, is the change in the probability of finding an electron at r and time tdue
to any source other than elastic scattering. Equation (2) is valid only for r > 1, since no
elastic scattering occurs when r < 1. It is assumed that I is the shortest length in the
problem and any diffusion length Ld (which will be determined from [oGlatj,) is larger
than 1. If [aG/OJ,,t produces a length L(I < 1, the singular behaviour of 60is removed and
there is no region in space in which the logarithmic correction to the conductivity, which
is caused by the LHIS of equation (2). takes place. In this case the conductivity will be
completely metallic.

If the external perturbation persists for a period of time rp we may write

[aG/atJt, = G/rp. (3)

If we have few perturbations acting simultaneously, we may make the approximation
[OG/at,.t = G/rd!, where

= T-tI (4)
p

We now generalise the treatment of Kaveh and Mott (1981a) to include external per-
turbations; taking the Fourier transform of equation (2) we obtain

G(q, Dq + 1 (5)
D2+iQ + r-f'

The amplitude of the wavefunction qr(r) is correlated to G(q, Q = 0) wKaeh and Moll
1981a) by

q'(r) f f dqq exp(iq - r) G(q, Q2 = 0). (6)

This yields

q (r) = (Air) exp(-r/Ld) exp (iK • r) (7)

which is similar to eq'iation (25) of Kaveh and Mott (1981a) except that we now have a

general Ld which is given by

Ld = (Drf1 f)'". (8)

The conductivity is then

a = Oo - (e2/;rlh) ln(Ld/). (9)

This suggests that 6adepends only on one parameter, the diffusion length scale Ld. The
source of Ld does not matter. Even if several mechanisms operate simultaneousiv.
equation (9) is still valid with the following law:

Ld = (E L 2a (10)

and

Ld = (Dr,)2 .

We now show that equations (9) and (10) represent not only a scattering mechanism but



L416 Letter to the Editor

also external fields. We first discuss the negative magnetoresistance discussed by Hikami
et al (1980) and Altshuler et al (1980). They found

.5c , ' + (, + 4 eB -r

This expression seems to lie outside the universality idea of a unique diffusion length.
However, the limiting form of equation (11) supports this idea: thus %%hen B-. 0.

o--*(eZ/'rTh) ln(L,,/). where L, = (Dr,:,)' -. and as B -,, 6a-, (e:i/+h)
ln(L,/I), where L, is the cyclotron magnetic length. L, (L, eB)' We therefore propose
that the complicated behaviour of the effect of the magnetic field is a consequence of a
competition between two mechanisms represented by two lengths L,. and I... The simple
form of equation (9) is apparent only if one length is much shorter than the other. The
complexity of the effect of a magnetic field arises in the form one should take. for
(aG/ath; in equation (2). The inelastic scattering is simply represented by our relaxation
time approximation. namely IcGdut], = G/rn. For simplicity, let us approximate the
effect of the magnetic field by

[aG/atll = Gw,. (12)

If LB < Li, where Lt = (D/ o 2. the wavefunction according to equation (7) will be

Vp = (Air) exp(-r/LB).exp(iK • r). (13)

However, even in the absence of diffusion due to elastic scattering, the wavefunction
lp is not extended and can be written as

V, - exp(iK • r) exp[-A(r/L,)j. (14)

Usually the modulation of V, over a distance larger than I, is not important and the
metallic conduction is observed. Flowever, here in two dimensions, L, can be the
normalisation length of equation (13) if L, < LB. Indeed this is always the case, since

LB = (jKF/) 2L (15)

and KI > 1. o that L 8 > L,. This gives 6j - ln(L,/I) according to Kaveh and Mott
(1981 a), 1, being the normalisation length in equation (13) ratherthan Ln. Thisargument
explains why the digamma function extrapolates for large B to ln(L,,l) and not to
In(LB/). Thus the effect of a magnetic field is unique in that it introduces a length scale
which is independent of the diffusion constant D.

In gener- .,

6o(T, B) (e2!'zt-h) n[Ld(T, B)/I] (1)

where
Ld(T, B) = (Li" 2() + LC2(B)) - . (17)

This unifies the effect of the magnetic field to the idea of a one-scale length function.
This also simplifies the result of I likami et al (1980) and Altshuler ct a! (1980P) b\
approximating their digamma (q/,) function into a simple length dependence. In figure
2, expressions (11) and (16) are compared as a function of the ratio I.L,,,.. for constant
L. Equations (!1) and (16) are normalised in the regime of L,, dominating and L,
dominating respectively. The important point is that the shapes are very similar in the
region where L, - L, and we find a temperature-dependent magnetoresistance. The
effect of the constants is noted in the caption to figure 2.
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We now turn to the clfect of a static electric field. The effect of this field can be
generalised by an argument developed by Kaveh and Mott ( 198 Ic) in their discussion of
the validity of the scaling theory. The electron alk ays undergoes a random walk in the
presence of an electric field F. The change in energy of the electron in travelling the
diffusion length 1. varies between -teL. When this energy is less than the diffusion
energy hDI/L 2 it can be neglected. This is always the case for snall electric fields and

3

I A

01 1 10
L, /L,

Figure 2. Here si'c show' the aealctd change in conductisvity 6oagainsJ I .,'L, for varying
L,.. Curve A is the graphical representation of equation ( 151): similarly B is equation (i 11
normalised to lit in the hieh and loIt). limits In the limit L * '- 1.,. toaccording to equation
(16) v.aries as tn(l: l.,). vwhereas according to equation (I1) (the digamnia function), this
variatior is In(F 2I1.). When I... "- 1, i.e. B-. -. equation 1') gives Mo Varying as
ln(F/L ), ,,,hereas the digantna function (equation (I t1 ) gises bio varying as Inl212 L ) -
1.96. The differences due to the constant factors appear to be related to the mathematical
details rather than the physical processes Our fitting procedure eliminates their effect
without changing the shape. This eorr .ponds to the real situation, as expcrimentallv it is
only the change in owvhich is important. The effect of the approsimation in equation (12) is
that as B -- 0 a varies as B rather than the more physically reasonable fi'. v hich comes
more from the rigorous treatment of Altshuler et al and Hikami ei al and was observed by
Kawaguchi and Kay, aji.

large inelastic scattering rates (which cause a small diffusion length). flowever. a critical

length L, is always found for which

eFLF: = haD/Li (18)

as the field increases. i.e.

Lr=(hD/ef)' (19)

Thus the electric field nmy change 6a at any temperature through a Ilaj(T, Fl]
dependence. where

Ld(T, F) = (Lj 2 + L, ()) -" '. (20) i

0I

........ variesI as ... ..... .. i L: I wh ra acor in to eq ato II 11 (th 1 i u cin .t i
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Consequently, increasing F tends to delocalise the wavefunction. For large Fand B we
must have

Ld(F, B) (LF- + Lf (B))'. (21)

An AC field may be represented by a length L,, (l) w)' 2 (Gorkov e, a/ 1979). VC
see that tile AtC electric field and the static magnetic field can be represented by sintilir
length scales; these result from the period in time that the pCrturhtion acts on the
electron. In the case of an Ac field it is 1 'a. where (a is the frequency and in the case of
a magnetic field it is I/wo, where (a, is the cyclotron frequenc\. Of course. as 1 1, lead,
to the length LB it is not of great practical significance. L, alwavs eine greater than .'.

We now turn to the experimental \erification of the universal cure. We ha\e
nieasured the conductivity of a ( 10) orientation, n-channel %tosi I I at temperatures
between 50 mK and I K in the 'metallic regime' (kit-- 4. R 3.4 kQ). Three par-
ameters were varied: temperature. electric field and magnetic field. and logarithmic
corrections to the conductivity were observed as a function of each (Bishop et a/ I 9S0.
Uren et a! 1980. 1981).

For ohmic electric fields, and at a lattice temperature of -50 inK. the change in
conductivity dawas proportional to In B, so that Lj was -L,. i.e. L,, and Lf bi Ld. \We

have plotted a against L, as crosses in figure 1. For ;ero nmagnetic field and ohnic
electricfields. 6o - In T. 1 lere the length wasset by the inelasticscattering length L,( T).
which in this case was due to electron-electron scattering. The inelastic length was found
by use of the negative Inagnetoresistance described by equation ( I I) {Ka',waguchi and
Kawaji 1980. Uren at at 1981 ). Fitting this expression to the experimental data ga\e r,,
and hence Ln. These lengths are indicated in figure I as open circles

The effect of the electric field is more complicated. The observed &; x In Fdepend-
ence, for zero magnetic field and low lattice temperature. may be dule to field-induced
heating of the electron gas to a temperature well above that of the lattice. This will result
in an electric field dependent L,, (Anderson et at 1979). Alternatively. the electric field
could set the new length. LFOf equation (19). directly. L, was found to lie in the broken
region of the universal curve for the electric fields used in the experiment. This implied
that LF > L, for the conditions used and so the heating mechanism was dominant.
However, for lower lattice temperatures and electric fields. Lb must eventuallv become
the shortest length. The heating model gave the electric field dependence of L,,(F) which
is plotted in figure 1 as dots.

Excellent agreement was found between the conductivities set by Lm and L,. both
lying on a common curve. This is good evidence that the concept of the shortest length
is correct and that the proposed lengths correspond to the shortest lengths in the system.
Details of the transition between these lengths will be published shortly.

Thus, to summarise we find that the diffusion corrections to the conductivity of a
two-dimensional disordered system are universally given by equation (9), where Ld may
depend on five variables and is given by

Ld = (L-2 + L,-2 + L,-2 + L- 2 + L;"-. (22)

In our experiment we succeeded in verifying equation (22) for two length scales L,, and
L¢.

We thank Professor Sir Nevill Molt for many discussions on this topic. M Kaveh thanks
the SRC for a Visiting Fellowship; R A Davies andI M J Uren possess SRC Research
Studentships. The low-temperature measurements were performed at the SRC Ruther-
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ford Laboratory and we are most grateful for the help and advice of Dr S F J Read and
Mr G Regan. This work was supported by the SRC and in part by the European Research
Office of the US Army.
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Magnetic delocalisation of a two-dimensional electron
gas and the quantum law of electron--electron scattering

M J Uren, R A Davies, M Kavcht andMN Pepper
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Abstract. We discuss the effect of a magnetic field on the weak localisatior, of a t%':
dimensional electron gas. It is shoe n that due to quantumi corrections the elect!C:-Clecc! -

relaxation time r,, varies %%ith electron temperature T as T_1 =,AT +A:7-. in-.tet1:-. --

attire range 3 K-0.1 K. This short rc causes a rapid transition between state, Ahnich I-
weakly localised and so redues the logarithmic correction to the conductance.

Negative magnetoresistance in the Si inversion lay er was first found by Eisele an~d Do,--:.
(1974). Subsequently Pollitt et al (1976) showed that the tnagnetoresistancc becar,Z
positive as soon as the Fermi level passed below; the mobility edge and conduc-,ion

by hopping. Kawaguchi et al (1978) found t hat the nL gative itenetoresistance d,-pend,-
only on the normal component of the magEnetic fielId, a result which excludes sp~ri effec--.
as the cause of the behaviour.

It has been suggested that as a consequence of diffusion. i.e. elastic scatt-,ring'. -

states are weakly localised in two dimensions (Abrahams eal 1979, Gorkov e,:; a! 1 7

Houghton eta! 1980, H-aydock 1981. Kaveh and Mott 1981a. b). At finite tem,\ratur--
the weak (power law) localisation will produce a correction to the conductance Aj.
where

Au= (-2ve2lxiA) In (LIi) (I)

L is the inelastic diffusion length and!I is the elastic mean free path, a~ is a conm:ant a- i
the factor of 2 arises from the valley deveneracy. This law is found below -I K i Bish-n
et a! 1980, Uren et al 1980). Hlikaii er aI/ ( 1980) and Altshulcr et al (1980a) h3'. e sho-,--
that the effect of a magnetic field is to alter the length scale in equtation (1). The correctt.2 n
becomes

=~e [V( + he rn) 4 In(eD)()

where Vpis the digamma function. T,, is tile inelastic scattering time and 1) is the Jiffusi, n
coefficient of electrons at the Fecrmii level; wec assume a valley degeneracy of 2. 1
length scale is now set by both the teniperature-depenident inelastic length L and t. e

t On leave from Bar-Ilan University. Rantat-Gan, Israel.
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temperature-independent cyclotron radius L~c. When L < L,, the magnetic field has
little influence on the temperature dependence of the logarithmic correction. Decreasing
Lc.yc modifies this until, when L,,, < L, the temperature dependence is lost, although
the negative magnetoresistance remains. We have observed this behaviour and will
report it in more detail later.

Kawaguchi and Kawaji (1980a, b) have shown that the values of r,, extracted from
equation (2) vary as T above 2 K, where P = 2 at high values of carrier concentration
and decreases at lower values. This suggests that, as expected, the inelastic scattering
was electron-electron type. The result implies that even if the logarithnic correction is
not observed due to the dominance of other scattering mechanisms (Cham and Wheeler
1980, Stern 1980), equation (2) is still found as the other mechanisms are insensitive to
small values of magnetic field.

In an earlier Letter (Uren eta) 1980) we showed that a magnetic field suppressed the
logarithmic term arising from the localisation and also enhanced another logarithmic
mechanism. This was thought to be the Coulomb interaction model of Altshuler et al
(1980a). However, our discussion of the screening in the treatment of Altshuler et al
(1980a, b) was incorrect, and we now suggest that this mechanism is not Coulomb in
origin. It is, however, closely related to that of Altshuler et al, except that the energy
shift is produced by the effect of the magnetic field on the spin distribution. Further
details will be published later.

In the devices used for this work /was sufficiently great that the localisation could be
entirely suppressed by the magnetic field without observation of the second mechanism.
In this Letter we present results on the electron-electron scattering for kyl - 4, and
show that the electron-electron scattering rate is modified by impurity scattering.
Furthermore, the deviation from the normal T 2 behaviour persists down to -0.1 K,
and the loss of temperature dependence below -2 K found by Kawaguchi and Kawaji
(1980b) was probably due to electron heating in that experiment.

Our experiments were carried out on (100) silicon NtOSFETS (silicon gate) in the
temperature range 0.1-4 K. The samples were 250 x 250 pim with conventional Hall
probes spaced at I and i of the channel length. All the resistance measurements were
four-terminal, using low-frequency AC, although there was no obvious contact resistance
in the specimens used.

In the range 0.1-0.6 K the magnetoresistance was measured in a dilution refrigerator
with magnetic fields between 0 and 0.25 T. Above this field, the interaction regime is
entered. In figure 1 the change in resistance AR (R(B) - R(B = 0)) is plotted against
log B for two different electric fields (labelled A and B). the lattice temperature being
maintained at 50 mK.

Fitting equation (2) gives the full curves in figure 1 showing reasonable agreement
with experiment. In the previous work of Bishop et al and Uren et al. the valley
degeneracy was ignored. I lowever, it seems cle r that it should be included and we have
done so here. For the valley degeneracy of 2 this gave n (.2 - 0.t)2, which did not
appear to alter with electric field or temperature as was found by Kawaguchi and Kawaji
(1980a). a is a constant which should be ! or I depending on the spin flip scattering
length, so the low values found experimentally are still unexplained.

The effect of increasing the electric field is to increase the electron temperature
above that of the lattice (Anderson ct al 1979). By comparing a change in resistance
against T with the change against F, the electron temperature corresponding to a
particular field can be extracted (Fang and Fowler 1970). This analysis should lie true
provided the electron-electron scattering time is shorter than the electron-phonon
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relaxation time, which the observed dependence of electron temperature on electric
field shows to be the case. Furthermore, this procedure is valid regardless of the
particular mechanism dominating the conductance. The values of r., for each electron
temperature were found from fitting equation (2) to the experimental data and are
plotted in figure 2. In the temperature range 0. 1-0.6 K the heating was accomplished by
the electric field and the values of r,, are 2 x 10-"'-2 x 10" s. In the range I K-3 K the

00 -- 0 *

X 0 0

100 0

oo

X 

X,

XI

X"200 R

0.001 001 01
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Figure 1. The change in resistance is plotted against log B. The curves are theoretical plots
for a = 0.28. A and B are for a lattice temperature of -50 mK and electric fields of 0.2 and
2 V m- corresponding to electron temperatures of 110 ±- 10 mK and 550 t S0 inK. C and D
are for ohmic electric field and temperature of 1.2 K and 2.1 K. Metallic resistance is 3.4 k (2
and N, is 3.8 x 10' m-2 .

magnetoresistance was measured in the ohmic regime and the values of r, are (5-

1) x 10 -t2 s. The magnetoresistance effect vanished at about 4 K when T - Tm (t =

5.7 x 10- 11 s for the value of EF used in these experiments). which is expected as the
logarithmic correction should disappear when this equality occurs. Good agreement is
obtained between the two temperature regimes considering the large systematic errors
which can easily occur in the determination of r,,.

Any fitting procedure will tend to produce artificially smooth sets of results. The
error bars represent the maximum ranges of smooth lines which could be drawn during

the fit of electric field to temperature and the fitting of equation (2) to the magnetores-
istance. Additional errors can easily arise at long scattering times because of residual
magnetic fields. The data fit a power law of r, - T" fairly well, but no physical reason
to expect this exponent exists.
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Figure 2. The log of r,, extracted from equation (2) is plotted against the log of the electron
temperature. In the temperature range 0. 1-0.6 K the heating was accomplished using an
electric field, and in the region 1.2 K-3 K the lattice temperature was changed with ohmic
electric fields.

According to Landau r E . where e is the energy of a state measured relative to
EF. From the energy dependence of the Fermi distribution of electrons it is clear that
e - kBT, and thus r,-, - T2. This argument takes into account only the energy conser-
vation of the scattering event. The electron can gain energy kT but another electron
must lose energy kT; therefore the number of available events must be proportional to
71. This argument does not depend on the momentum transfer in the process. This will
determine the strength of te, but not the temperature dependence. Recently Altshuler
and Aronov (1979) and Schmid (1974) pointed out that. for samples for which kF/ is
small, the Landau argument must be corrected to include the finiteness of the mean free
path. This is particularly important when the mean free path is short, i.e. ! -KF'. The
small momentum transfer must then be correlated to the energy transfer and the v2 law
is modified. For three dimensions Altshulcr and Aronov and Schmid obtained a correc-
tion proportional to l, . Extending their ideas to two dimensions, one obtains a "cor-
rection' proportional to r. Thus in two dimensions. for small values of F, the 'correction'
term will determine the electron damping time. Since for a finite temperature E k,,7".
we find r-,' =A1 T + A 2 '. Our estimations for AI and A, show that T- 1 K both are
nearly equal. Therefore, for investigationsof the 'logarithmic region' of the conductivity
z;' should tend to a Tlaw.

Our main argument for the quantum corrections to r,., differs from the previously
quoted work and is closely related to the argument of Kavch and Mott ( 1981a, b) which
yielded the same quantum corrections to the density of states (in every dimension), as
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obtained by Altshuler and Aronov (1979) by diagrammatic techniques. (A two-dimen-
sional T law has also been suggested by Abrahams et al (unpublished, quoted in
AlItshuler etai 1980a)). An electron in state K is scattered to state K2 by losing (or gaining)
energy h. Another electron in state K3 must jump to state K 4 by acquiring (or losing)
the same amount of energy. The scattering time depends on all available (K,, K3, A'4)
states. However, conservation of momentun requiresthat ifK - K, 1  q thenK - 3 =

-q. Conservation of energy gives E(K2) - E(K1 ) = E(K 4) - E(K3) = hal. This yields
to a restriction to the possible independent scattering events. In three dimensions we
are left with five independent variables to describe all possible scattering events for an
electron in state K1. It is convenient to choose two energy variables and one momentum
vector. The five variables are ((a, c3, q): htw is the energy exchange in the scattering. F3
is the energy of state K3 of the other electron and q is the momentum transfer. This is
demonstrated in figure 3.

11W1
K,

Jr. KI

bw -q

Figure 3. The diagram shows the available momentum space for each electron before and
after scattering.

In two dimensions there are only three independent variables represented by (o,.
e3, Iqi). The argument we present here is the same for three and two dimensions except
for the differences in phase space. The electron damping time is given by

( IkT Uk
r jel f dqq I dw I dEY3V;(q) (3)

where dis the dimensionality. Since A2, A1.K4 can rotate only over an energy interval k T
this sets an upper limit for the number of scattering events which is the upper limit of the
oand r3 integration.

In the usual Landau argument there is no correlation between q and the energy of a
state; the q integration is just a q phase space integration yielding a number which is not
dependent on temperature. Thus r,,' - 1' in both three and two dimensions (for one
dimension see a discussion by Kavch 1Q80).

The new point here is that for low transfer of momentum such that q < V' tlhe
individual energy levels are broadened. In this case the momentum q is related to an
energy scale which defines the energy broadening of a state near El. We now divide
equation (3) into two contributions; the first corresponds to an integration over
I < q < 2Kv. This will yield the usual Landau result rT,, x T2. The second contribution
comes from the q integration for q < r'. The energy broadening of a state due to elastic
scattering of an electron due to the disorder is hDq2. This determines a lower value of

.. . . . . .I I i I 1 [ II -- I f li
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q, since we must have

hDq2 -- kBT. (4)

Otherwise the broadening energy due to the impurity scattering is not important on the
scale of the energy transferred in an electron-electron scattering of order kT. We
therefore require the contribution to r,' due to scattering events for which

(k8 T/hD)12 < q < 1- . (5)

However, an important change must be made to equation (3) in the region of momentum
exchange given by equation (5). This is seen by a similar argument to that presented by
Kaveh and Mott (1981 b) in their discussion of the change of the density of states in a
disordered metal. There the energy broadening hDq2 entered only once for a particular
energy state. Here, in calculating re-, we must include the energy broadening twice:
once for the transition for the K, electron and the second time for the transition of the
K3 electron (see figure 3). Equation (3) turns out to be

r,; - (kT)2  I dqq d- 1 \j /)\q . (6)

The q integration is the same as in the calculation of the change of density of states due
to diffusion broadening (Kaveh and Mott 1981b). except of course that V,,(q)/IhDq
appears twice. It is always the lower limit which dominates in equation (6) and corres-
pondingly the Landau T2 is modified. V,, is independent of q for such small values of q
and is 4,re2IK 2 for d = 3 and 2re2/K for d = 2, where K is the inverse screening length.
Hence, for d = 3, we obtain

(kB)2( 2t'k/o (.t\kB7V2'  !
(k 2  dqlq2  (7)

which is the result first obtained by Schmid (1974) by diagrammatic techniques. Our
method of obtaining equation (6) enables us to obtain easily the correction tor-,I for the
two-dimensional case. For d = 2 we find from equation (6)

(kIf dq/ 3 
ei- (8)

Thus in two dimensions the q < l' region is more pronounced than in three dimensions.
For T-- 0, r,-' should tend to a Tiaw and the Landau result will dominate only for higher
temperatures. Thus for two dimensions the effect of impurity scattering is to produce a
new damping law for an electron state:

= AIT + A 272. (9)

The origin of the quantum correction to r ,- is similar to the corrections one finds in
the density of' states of a two-dimensional disordered metal. In inversion layers the
logarithmic correction due to electron-clectron interactions is difficult to observe
because of the presence of localisation effects. However, when the localisation effects
are suppressed the interaction effect on the density of states is revealed (Uren eta! 1980).
Therefore the existence of a T term in r., is consistent with a logarithmic correction in
the density of states. The same follows for three dimensions. An observation of a 7 2

dependence in the conductivity must correspond to a T -correction in r;,,.
We accordingly looked for electron-electron scattering of this form and have
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replotted the results of figure 2 in figure 4 in the form of-,,'/T against Tso as to separate
these terms. Reasonable agreement is found with values of A, =
(3.4 ± 0.6) x 1010 K - s- and A2 =(8.6 ± 1.3) x 1010 K-2 s', whichisc tainlycon-
sistent with a T law. The T law of electron-electron scattering is enh,, . it low kFl

3-

- I
A

0 1 2 3
TK)

Figure 4. 1/(r,.T) is plotted against T. The straight line plot which does not go through the
origin indicates a r,1 =AT + AT' law.

(our value is only 4), which is why it is observed here. These results and the use of the
negative magnetic resistance in determining a universal length scale will be discussed in
detail shortly (Kaveh et al to be published).

Thus, in summary, the negative magnetoresistance in (100) MOSFETS over the tem-
perature range 0.1-4 K has been fitted to the theories of Hikami etal (1980) and Altshuler
et al (1980b) and the inelastic scattering time has been extracted. This scattering time
varies as rmt =AT + A2T2 and is identified as electron-electron scattering where
quantum corrections lead to a transition to a T law at low temperatures.

We thank Professor Sir Nevill Mott for many-discussions on this topic. M Kaveh thanks
the SRC for a Visiting Fellowship; R A Davies and M J Uren possess SRC Research
Studentships. The low-temperature measurements were pcrformed at the SRC Ruth-
erford Laboratory and we are most grateful for the help and advice of Dr S F J Read and
Mr G Regan. This work was supported by the SRC and in part by the European Research
Office of the US Army.
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Abstract. We show that by the application of a magnetic field it is possible to achieve
complete separation of localisation and interaction mechanisms in two dimensions. Measure-
ments of the conductance of silicon inversion layers show that, at certain values of magnetic
field, it is also possible to achieve metallic conduction near 50 inK. It is also shown that the
appearance of the interaction mechanism is not strongly dependent on the direction of the
magnetic field, implying that the origin of the effect is in electron spin rather than c%,cloron
orbit motion. The implications for the quantised Hall resistor are discussed.

It is now well known that the conductance of a two-dimensional metal decreases logar-
ithmically with temperature at low temperatures (Dolan and Osheroff 1979, Bishop et
al 1980, 1981, Uren eta! 1980, hereafter denoted UDP). In our earlier Letter, we showed
that there are two distinct mechanisms giving rise to logarithmic corrections to the
conductance, and that a transition between the two may be achieved by the application
of a magnetic field B.

For small or zero B, carrier concentration __1017 m- 2, and KpI > 1 (KF is the Fermi
wavevector, I is the mean free path); in silicon inversion layers the dominant mechanism
causing the logarithmic correction is the weak localisation always present in disordered
two-dimensional systems (Abrahams et a! 1979, Gorkov et at 1979. Kaveh and Mott
1981a). Increasing the magnetic field suppresses this effect by making the
temperature-independent, cyclotron orbit.the shortest length scale (Hikami et a1980,
Altshuler et a! 1980b, UDP, Kaveh et a 1981, Uren eta! 1981).

Increasing the magnetic field also causes a second mechanism to become observable:
UDP identified this as the interaction mechanism'of Altshuler er a! (1980a) (Kaveh and
Mott (1981b) gave a more physical argument leading to Altshuler's result). It was not
clear why the magnetic field enhanced this mechanism. According to Altshuler et a!
(1980a) the correction to the conductance due to interactions is given by

e2 1
Aa= - (2 - 2F) In T (1)

where the quantity F is due to screening and has a value of 0.93 for a typical carrier
concentration of 3.8 x 10" m-2, making the correction vanishingly small.

0022-3719/81/190531 + 07 $01.50©@ 1981 The Institute of Physics L531
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Recently P A Lee and T V Ramakrishan (1981 private communication) have sug-
gested that the factor (2 - 2F) is changed on application of a magnetic field to (2 -F).
by the change in spin polarisation, provided gfR >k T (P3 is the Bohr magneton and g is
the Landd factor, equal to 2). This could account for the results of UDP that the
interaction mechanism was less stable than the localisation mechanism against an
increase in temperature. It also predicts a positive magnctoresistance as well as the
transition of (2 - 2F) to (2 - F). Evidence, in three dimensions, for this magnetic effect
is provided by Rosenbaum el a! (1981), who find agreement with the corresponding
prediction independent of the magnetic field direction. In UDP corrections to the

37-
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Figure 1. Ro is plotted against log E for various values of magnetic field with a constant
carrier concentration of 3.8 x 10" m - and a lattice temperature of - 50 inK. The magnetic
fields in Tare: A 0; B 0X)8 C 0.021; D)0.047; E. 0,074; FO0.3; 0.5 If 31.26; 1 0.32; andJ
0,52. The crosses mark the points used for the integration of the originally measured
differential resistance. Thc elastic scattering length was 36 nm.
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conductance were always present, the magnetic field altering the magnitude of the
variation with temperature and giving magnetorcsistance.

The experiments reported here were carrie'd out on (100) orientation n-channel
silicon MOSFETs, low temperatures being given by a dilution refrigerator. Details of
sample geometry and measurement methods are described in UDP.

Here, using samples with a longer I than in UDP, we show that it is possible to
eliminate entirely corrections to the conductance in a certain range of magnetic field.
The small degree of disorder in these samples meant that the KFI = I condition was
achieved with a carrier concentration of 2.2 x 1015 m - 2. In figure I we show the variation
of inversion layer resistance with electric field for various values of B; the effect of
increasing the electric field is to increase the electron temperature and hence decrease
the resistance. It is seen that when B = 0 the resistance is initially ohmic and then.
as heating occurs, decreases logarithmically, increasing again for electric fields
>1 Vm-. This final increase isprobably due to the temperature dependence of screening
decreasing ! (Chain and Wheeler 1980, Stern 1980) and will not be discussed further.

Increasing B produces the expected negative magnetoresistance and a decrease in
the change in resistance with electron temperature. This results from the shortening of
the scale length determining the conductance correction

Aa - (-ela2h) In(L/L)

where Ld is given by

1d L 2.

17-
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Figu~re 2. R0 is plotted against log B. for small electric field. Conditions arc as in figure I.
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Ley is the cyclotron orbit and LIN the inelastic length (Kaveh et al 1981, Uren et a 1981).
This approximation is in good agreement with experiment and the more rigorous theory
(Hikami et al 1980, Altshuler et al 1980b) except for L... > LIN (small B) whec it fails
to capture the B dependence of the negative magnetoresistance. It is also apparent that
as B increases the resistance is ohmic to higher electric fields, i.e. as the cyclotron length
decreases, it is necessary to heat the electrons more for LIN to become less than L,

When B > 0.1 T no electric field, and hence temperature, dependence is observable,
as L, C determines Ld for all accessible values of temperature; the negative magneto-
resistance is still present as Ld is shortened by increasing B. Increasing B above 0.25 T
results in the observation of the interaction mechanism. The localisation mechanism is
still present as negative magnetqresistance is seen at high electron temperatures: this
will disappear only when Lcy, -- 1. i.e. wr -- I (w is the cyclotron frequency and ris the
scattering time). At higher values of B (wor - 0.25) the positive magnetoresistance of
the interaction mechanism is observed. The 50 mK magnetoresistance. at small electric
fields, is shown in figure 2; it can be seen to deviate at 0.26T. This gives a value of
gfAB/k = 350 inK. in agreement with the prediction thatg3B > kTto lift the spin degener-
acy, making the interaction effect visible.

Compared with the results in UDP, the magnitude of the interaction effect (AR. R

DI I

3 0101 10 13
E (VM "

Fipre 3. Rc is plotted against log E for various 'parallel' magnetic fields. The lattice
temperature is 85 mK. carrier concentration is 1.2 x 106 m1, and elastic scattering length
19 nm. The magnetic fields in Tare: AO; B 0.011; CO.052; DO.13; E 0.92; F 1.3; and G 2.6.
Crosses again represent points used for integration.
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per decade change in E) is much smaller. They should both be similar, as they are a
measure of the pre-logarithmic term in eq. .ion (1), F being similar in both cases. We
suggest that this is a result of being close to the wr = I condition with the greater 1. Here
the theory will break down as the nature of the wavefunction changes and the condition
thai 4F1 > 1 becomes inapplicable.

We have also investigated corrections to the conductivity with the magnetic field
parallel to the inversion layer. A sample with short 1, as in UDP, was again used; kFI
3.7 and I = 19 nm for the results shown.

Resistance as a function of electric field was again measured for a variety of magnetic
fields, electron heating relating this to the temperature dependence. Some typical results
are shown in figure 3. Figure 4 shows the magnetoresistance, at 85 inK, and also magne-
toresistance for the same sample with the field perpendicular to the surface, for com-
parison. The two sets of results were taken on different occasions, so parameteri differ

36o
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Figure 4. Ro is plotted against log B for two orientations of the field. Open symbols are for
'parallel' field (conditions as in figure 3); full symbols are for transverse field. temperature
85 mK and elastic scattering length is 17 nm.

slightly. A small amount of negative magnetoresistance is seen (with parallel B field) for
B < 0.05 T; we attribute this to a small misalignment of the sample. Comparison , ith
the transverse field case suggests that the field is in fact at an angle of 60 to the inversion
layer. The small angle results in a slight suppression of the localisation mechanism and
an initial negative magnetoresistance. Kawaguchi et at (1978) have shown that the
negative magnetoresistance is only dependent on the transverse component.

-U
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Of greater interest is the behaviour at higher magnetic fields where in both cases
positive magnetoresistance appears; this is the onset of the second interaction mech-
anism. With a 'parallel' magnetic field this effect is seen for smaller B, showing it to
depend on the total field and not just the transverse component. It is seen at ,maller B
as the negative magnetoresistance, which must be exceeded, is much smaller in this case.

This absence of a directional dependence in the onset of the interaction mechanism
is clear evidence for it being a spin rather than an orbital effect. In future work, the
parallel field will allow a more detailed investigation of the interaction regime as B can
be increased further without the wcr = 1 limitation.

Although we have given an experimental demonstration that, for certain magnetic
fields, temperature-independent (i.e. metallic) conduction can be obtained at temper-
atures as low as 50 nK, it is possible that an interaction correction will appear at still
lower temperatures when gf3B > kT. However, as when a magnetic field destroys the
localisation, the conductance change due to interactions is only a correction term (Kaveh
and Mott 1981b), the metallic conductance should be restored at even lower
temperatures.

We note that the two mechanisms for logarithmic corrections are not applicable to
the quantised I fall resistor (von Klitzing et al 19S0). Here the condition is that wr > 1,
and so clearly the localisation mechanism is completely suppressed. In addition the
'plateau' of constant Hall resistance is found when at, is zero, or vanishingly small, and
the current in the x direction is determined by a,-. The factor of 2 found for the ratio ill
the change of Hall constant to change of resistance (Uren et al 1980, Bishop et al 1981)
is proof that ary is not affected by the interaction mechanism. As the concept of kVl is
inapplicable for the values of wr used, the mechanism should be invalid, as indicated by
the observed decrease in logarithmic gradient when (or approaches unity.

Finally, we mention that the action of the magnetic field distinguishes between the
interactions studied here and the two types of localisation. exponential and power law.
For the case of exponential localisation the magnetic field shrinks the wavefunction.
thereby producing a positive magnetoresistance, localisation increases and conduction
by excitation to Ec and hopping are affected in different ways (Pepper 1979). On the
other hand, the conductance when states are po%%er law localised is increased by the
magnetic field shortening the length scale. In the same way that the field sharpens the
distinction between conduction by excitation to E. and hopping in exponential localis-
ation, so the distinction between the transport mechanisms for the two different types
of localisation will be sharpened.

We have enjoyed many discussions with Professor Sir Nevill Nott and Dr M Kaveh.
M J Uren and R A Davies receive SRC studentships. These experiments were carried
out at the SRC Rutherford Laboratory and we are grateful for the help and advice of Mr
G Regan and Dr S F J Read. This work was supported by SRC and, in part, by the
European Research Office of the US Army.

Note added in proof. Recently Lee and Ramakrishan have suggested that, in 2D, if gflBt-kT the
magnetoresistance in the interaction regime varies as I- 'A) (F 4.,r lnB. We confirm this law to a reasonable
accuracy (final points of figure 4). Poole, Pepper and Glcv% have recently investigated localisation and
interaction effects in 21) transport in modulation-doped GaAs. Here. due to the smaller F. both the logarithmic
corrections are present at zero magnetic field. lowever. the Iocaliation can be suppressed by a small value
of B and the interaction effects remain, giving the Hall ratio (if 2.
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The observation of localisation and interaction effects in
the two-dimensional electron gas of a GaAs-GaAIAs
heterojunction at low temperatures
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Abstract. We have investigated the logarithnmic correction to the transport properties of the
two-dimensional electron gas at the (modulation-doped) GaAs-GaAIAs interface in the
temperature range 4.24).34 K. GaAs is different to Si in that. due to the low densits% of
states, the electron screening length is greater. This allows the existence of a significant
logarithmic correction from the electron-eclectron interaction in the absence of a magnetic
field. T~he experimental results are consistent with the co-existence of localisation and
interaction effects although the analysis is complicated by the occupation oif two sub-bands.

We have investigated the elect ron-e lect ron scattering rate and find that, as in the Si
inversion layer. the temperature dependence is reduced by quantumn corrections. Analis
of the rate of emission of phonons by hot electrons indicates that the phonons ol Iimportance
are two-dimensional.

It is known that at low temperatures the conductance of a two-dimensional electron gas
decreases logarithmically with failing temperature. This effect has been seen in silicon
inversion layers (Bishop et at 1980. 198 1, Uren et a! 1980. Davies et at 198 1. Uren et at
1981, Kaveh et a! 198 1). The correction to the conductance Acadue to localisation is

A a= (e2 Iirh) crln TP 2  (1)

where a and p are constants (Abrahams et at 1979. Gorkov et at 1979. Kaveh and Mott
1981, Pichard and Sarma 1981), and for interactions (Altshuler et at 1980a, b) in the
presence of weak impurity scattering

Au = (e2/4irh) (2 - 2F) In T (2)

where Fis the elect ron-c lect ron screening factor defined by

F j 2 ( 1 + kF/Ky (3

kF is the Fermi k vector and K, the 2D electron inverse screening length. is given by

K = me 2 2r-1
2. (4)

In the presence of a magnetic field B the localisation contribution Aacan he quenched
I On leave from Plessey Research Ltd. Caswcll. Towccster. Northants. UK.

0022-3719/81/320995 +11 $01.50©@ 1981 The I nstitute of Physics L995
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as the cyclotron diameter becomes much less than the inelastic scattering length (Uren
etal 1981). This leads to a negative magnetoresistance described by tlikami et al (1980)
and Altshuler et al (1980a). The conductance is now given by

eO 2jr2 /,[ + 4re-BD) -'' h t~fl~ 54eNe D 2] (5)

where au is the normal conductance q) = nie2r/rn*, T is the elastic scattering time, r 5 is
the inelastic scattering time, D is the electron diffusion constant and Y) is the digamma
function. We have assumed that rT N is much shorter than r,0 and r,_ the two-dimensional
spin orbit and magnetic scattering times respectively.

The interaction mechanism is enhanced by a magnetic field which allows a separation
between these two mechanisms (Uren et a! 1980). The field converts the (2 - 2F) term
to (2 - F), so enhancing the logarithmic corrections, provided g13B > kT (Lee and
Ramakrishnan 1981). This results in a positive magnetoresistance as has been observed
by Davies et a! (1981) in silicon inversion layers.

Altshuler et a! (1980a, b) calculated the effect of interactions on o, and obtained
Ac, = 0. Thus

ARH/RII = -2Aa, joa. (6)

where RH is the Hall constant. However, in the localisation regime the Hall mobility
varies with temperature in the same manner as the conductance (Fukuyama 1980). i.e.

ARtiIRH = 0. (7)

Thus the application of a magnetic field allows the identification of the localisation
and interaction contributions to Ac. Furthermore, as has been shown by Davies et a!
(1981), the localisation is affected by the transverse component of the field, whereas the
enhancement of the interaction effect is independent of the direction of the field.

In the previous work on Si inversion layer the interaction component was small in
the absence of a magnetic field as Fwas near unity. The greater screening length in GaAs
results in a much smaller value of F for similar values of carrier concentration. We
therefore investigated this regime of behaviour in modulation-doped GaAs structures.

If highly doped GaAIAs is grown onto undoped GaAs then, due to the higher
electron affinity of GaAs. electrons spill over from the GaAIAs into a narrow potential
well as illustrated in figure 1. Since the electrons are spatially removed from their parent
donor ions then impurity scattering is reduced, resulting in high electron mobilities P,
atlow temperatures (Dingle eta! 1978). values ofIt, - 211 (M cm" V - 1s 'at 10 Khaving
been reported (Drummond et a! 1981). The degenerate electron gas is quantised
(St~rmer et al 1979, Tsui and Logan 1979) and at low temperatures transport is twko-
dimensional. The 2D electron gas will be referred to as a 2Dr-(;. Our sample was grown
by liquid phase epitaxy into a multilayer structure with seven alternate layers of GaAs
and 8 of Gal- ,AI,As (x = 0.3), all -35(0(0 A thick, to form essentially 14 2t.(; layers in
parallel. The substrate was semi-insulating. Cr-doped GaAs. The sample was of four-
terminal Van der Pauw 'clover leaf' geometry with indium contacts annealed in an I1!
atmosphere at 4(0)C. It was necessary to diffuse in the contacts to a sufficient depth to
ensure that all the 2DECG layers were electrically connected in parallel. All mcauremcnt,
made were four-terminal, using low-frequency ,\(. The magnetic field "as reversed
during both 1lall and magnetoresistance measurements and an average taken to cancel
out any unwanted offset voltages. Following the usual Van der Pauw method, results
from all possible contact configurations were averaged.

1W1
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We measured Shubnikov-de Haas osciitaticns in the resistance at magnetic fields up
to 15 T, the differential of resistance showing additional structure above -2.5 T. The
measurements were repeated with the sample tilted at various angles 0 with respect to
the magnetic field direction as shown in figure 2. The oscillations anti structure were
dependent only on the perpendicular component of the field showing that elecron spin
splitting, which is independent of field direction, was not contributing. This dependence

E,

GaAl As GaAs

Distance

Figure i. Schematic energy band diagram for a GaAs-GaAlAs interface showing the for-
mation of a two-dimensional electron gas (2DEG).

further proves the 2D nature of the system and leads us to attribute the structure to the
occupation of a second sub-band. Measurement of the oscillation amplitude with tem-
perature, below 2.5 T, gave an effective mass m* of 0.073 ± 0.003 in agreement with
St6rmer et al (1979). Plotting the oscillation-periodicity against 1/B gave a straight line

,~0
00

8(TI

Figure 2. Shuhnikov--de Iaas oscillations in the differential ol rcistance are shown for three
angles of sample tilt to with resiect to the magnetic liild direction. The ocllations are
dependent only on the perpendicular component of magnetic field indicating that twso ,uh.
bands are occupied.



L998 Letter to the Editor

relationship below -2.5T, as shown in figure 3. corresponding to a value of Fermi
energy EF of - 14.5 meV. A frequency analysis confirmed that two sub-bands were
occupied with energies -26 meV (lower sub-band) and -14.5 meV (upper sub-band)
as shown in the inset of figure 3. This corresponds to an electron concentration n of
8.8 x 10u cm 2 and 4.9 x 10i1 cm 2 for the lower and upper sub-band respectively using

.. EF (26 meV)

E -115/

/-- N(E)

./

o 
I

2

02 0' 4 06 08
I/BtT-')

Figure 3. The oscillation peak index from figure 2 .1 = 01) is plotted against I B. The straight
line corresponds to a value of Ef - 14.5 meV. the deviation at high fields being due to the
lower electron mobility sub-band of energy 26 mcV. The peak index is similar to the
Landau level index with a phase change introduced due to the differentiation of the resi.st-
ance. The inset shows a schematic energy diagram of the 2mi~o sub-bands believed to be
contributing to the conductance.

our value of n = 0.073 ino. The lower sub-band has a much lower electron mobility p1
than the upper sub-band, and thus it is not observed until B ; 2 T and has a reduced
amplitude. The higher mobility in the sub-band is possibly a consequence of the form of
the wavefunction resulting in decreased scattering at the interface.

Measurement of the low-field Hall constant Rt1 initially gave a value of 98; however.
after reanncaling the device contacts at a later stage RI, fell to 03 %ith a corresponding
decrease in sheet resistance R. We concluded that initially only nine of the 21)i:(; layers
were contributing to the conductance and only after the further contact diffusion did all
14 layers contribute. All results presented assume nine 2DtG layers, with 2 independent
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sub-bands per layer whose contribution to the change in resistance AR/R is given by

AR = ARR2 + ARzR2 (8)
R RtRz(Ri + R,)

(AR = -R2Au)

i.e. the two sub-bands conduct in parallel with each other. The subscripts 1 and 2 refer
to the lower and upper sub-bands respectively.

For the two-band Hall effect, R11 is given by
1i - 1 + n:/n 1(p,/.uO"(9RH n e ( + (nln )j ,(9)

and
1

R niel + n,e,.. (10)

Combining equations (9) and (10) gives .,i - 1800 cm2 V s-1 and I - 14500 cm- V s'
corresponding to values of kFI of -6 and -28 where I is the elastic scattering length.

The density of states, which has been assumed to be the same in both sub-bands is
3.4 x 101 e-/cm2 meV, and is lower than in the ground sub-band of (100) orientated Si
(1.7 x 10 e-/cm- meV) because of the single valley degeneracy and the lower m* in
GaAs. This means that the inverse screenine length K is smaller. leading to values of the
screening factor F from equation (3) of 0.5 and 0.57 for the lower and upper sub-bands
respectively; thus the Ac due to interactions will be significant (even at low magnetic
fields when g13B < kT) as predicted by equation (2). This is in contrast to the silicon
inversion layer where typically F = 0.9. and interaction effects are very small in the
absence of a magnetic field.

The remainder of this paper is mainly devoted to the localisation and interaction
effects. In order to interpret the results wve adopted the following procedure, the necss-
ary assumptions being justified later in the paper.

(i) The measured negative magnetoresistance was assumed to be due only to local-
isation in the higher-mobility upper sub-band. This led to values of a. p. TIN and hence
the contribution to the total resistance change AR per decade of temperature T for this
sub-band was obtained.

(ii) The contribution to AR per decade of Tfrom interactions in both sub-bands was
calculated using equation (2). This was experimentall. obtained by measurement of the
change in R11 with T and using equation (i). The validity of this procedure is only correct
if Fukuyamas' prediction (equation (7)) is correct. The quantity g9PIX was much less
than kTin our case. and so the magnetic field A ill not affect the interaction process.

(iii) The remaining contribution to AR per decade of Twas assumed to be due to
localisation in the lower sub-band. The product cnp was thus obtained for this band.

In figure 4 the sample resistance per 2DEG layer is plotted against the logarithm oif
temperature, from 34(0 mK to 4.2 K and as a function of B. Fo. B = 0 a straight line
through the experimental points gives AR,R - 6.6% per decade of temperature. Applih-
cation of a perpendicular magnetic field. <0. I T. re ;ted in a negative magnictorcsist-
ance arising from the quenching of the localisation .ontribution to AR. as shon in
figure 5. This effect is lost with field applied parallel Increasing B much aboc 02 T
resulted in a positive magnetoresistance and then Shubnikov-de laas oscillations as

LI.|
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Figure 4. The resistance per 2mno Liver is plotted against the log of the temperature as a

function of perpendicular magnetic field. The points for B 0. 1 T %,.ere extracted from the

extrapolated regions (dotted curve) of figure 5.

Landau levels were formed at -0.5 T (just less than (0,1 - 1). Clearly. both sub-bands
will behave differently in a magnetic field since the diffusivity I) is a factor of -4 higher
for the upper sub-band- also, the inelastic scattering time TI will be greater owing to the
lower electron concentration. Thus, according to equation (5), the upper sub-band will

o ... [
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Figure S. The chinge in resitance per 21t 0 layer is plotted against magnetic field as a
function of temperature. The dotted lines are extrapolations to B I. 1 T. The full curves
are theoretical plots for a I 1) 82 using equation (5).
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show negative magnetoresistance, as its localisation is quenched. before the lower
sub-band. To simplify the analysis we have neglected the contribution from the lower
sub-band up to 0.1 T and assumed that at 0.1 T, where a deviation from equation (5) is
found, all the upper sub-band localisation has been quenched. At higher fields Landau
levels are formed in the upper sub-band as Shubnikov-de Haas oscillations dominate
the conductivity, preventing the observation of the negative magnetoresistance contri-
bution from the lower sub-band. A value of ap - 1.0 for the upper sub-band was
obtained from the 1 = 0.1 T data points of figure 4 using equations (1) and (8) with
AR, = 0. The full curves in figure 5 were obtained by fitting equation (5) with a = 0.82
although a temperature-dependent a oql-ve 2 K was evident, the reason for this being
unknown at present. This allows.values of rTN to be obtained for each temperature, these
being plotted in figure 6. A straight line through these points gives rn -TI'N , i.e. the

10-10 0
0 0

0o

0

0
10.11 0

01

10
T Kt

Figure6. The inelastic scattering time is plotted against the log of the temperature, the %alues
having been extracted from the theoretical curves of figure 5. A straight line through the
points gives TIN & T ' 2

constant p - 1.2 and ap - 1.0. This is in agreement with the results of Uren et al (1981).
who also found that quantum corrections lowered the power of temperature from the
Landau-Baber value of 2. Our value of ap is the same as that obtained from figure 4
(B = 0.1 T), showing that the approximation ARI = 0 is reasonable.

The Hall constant R2, was measured via the integration of dVjI/dB as a function of B
and T. At a constant temperature Rt, was found to be constant over the range 0.02 to
0.10T (the maximum field measured) to within the accuracy of measurement of 0.5%.
as would be expected from Fukuyama's prediction (equation (7)). Thisof course assumres
that Aa, due to interactions is constant over this range. which should be the case since
gflB is always less than kT(g - 0.52 for GaAs: Ando and Uemura 1974). Below ).02 T.
structure (illustrated in figure 7) in RI, was seen which was strongly temperature depen-
dent, being zero at 4.2 K and increasing to as much as a 15% change in Ri at 340 inK.

,fri



L1002 Letter to the Editor

The origin of this effect is unknown, although since it persisted with magnetic field
parallel it possibly arises from an electron spin or a 3D contact effect. Similar structure
was observed in a second sample investigated.

Because of the structure the temperature dependence of Rf1 was measured in the
regime where the structure was not apparent. R11 was found to increase with decreasing
temperature and is plotted as ARHIRIj in figure 8 along with AR/R (B = 0) and the
calculated change in resistance AR"/R due to interactions only. All the plots are
normalised to T = 4.2 K; a value of ARnt/R of 1.9% per decade of temperature was
obtained from equations (2) and (8) using our calculated values of Fof 0.57 and 0.5. It

a

002 004 006

BIT)

Figure 7. A typical chart recording of the differential Hall voltage against magnetic field
illustrating structure below 0.02 T.

can be seen that ARj1/R1 is approximately 2 AR',R as predicted by equation (ba). The
product ap - 1.0 obtained from the negative magnetoresistance similarly gives the
change in resistance contribution of 2.2% per decade of temperature for localisation.
from the upper sub-band AR,,/R. from equation (I). The total change in resistance.
(AR/R) (B = 0) - 6.6% per decade of temperature. should be equal to the sum of
ARint/R and ARI,,/R where the contribution from both sub-bands is included. This mean,
that a factor of -2.5¢7 per decade of temperature should be due to localisation in the
lower sub-band corresponding to ap - 1. 15 obtained from equations (1) and (8). Thus.
within the approximation made. ap is similar for both sub-bands.

The differential device output voltage dV, di was measured as a function of constant
current, and hence the average electric field E. at a lattice temperature of 340 inK.
Increasing E eventually heats the electrons above the lattice temperature, leading it a
decrease in resistance as the logarithmic component is reduced. The electron tempera-
ture T, can be extracted by comparison of the change in resistance wilh the plot of
ARIR against T(at B = 0) from figure 2. T, is found to be proportional to E' " as shown
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in figure 9, indicating that the electrons couple to 2D phonons (Anderson et al 1979). It
should be noted that all previous measurements were made within the ohmic region of
electric field (E < 0.4 V m ').

We neglect any significant modification to our measurements due to conduction in
the GaAIAs impurity band for the following reasons.

(i) The donor ion concentration lt of 1017 cm - 3 is the same as that required at the
(Mott) metal-insulator transition using the equation for a 3D system

(Eim*)aond' - 1/3 (11)

ARIR

7

6-

ARM IR.

2 -

A A-

1I i j ~I 1- I J
TIK

Figure S. The percentage change in the Hall constant (measured in the region %hcrc it is
independent of magnetic field) and the theoretical change in resistance due to interaction%
only are plotted against the log of the temperature. The total changce in resistance extracted
from figure 4 for B = 0 is also inctuded for comparison: this is plotted in the form of dots.

/

where ao is the Bohr radius of the hydrogen atom (0.529 A), F = 12.2 and e* = 0.092
for x = 0.2 GaAIAs (Casey and Panish 1978). Thus a metallic impurity band may not
have formed. Our pCVious measurements on a sample of bulk GaAIAs
(nd - 1017 cm - ') have confirmed that conduction is activated.

(ii) A large fraction of the GaAIAs will be depleted by the adjacent 21)1(; layers,
further reducing the number of electrons.

In conclusion, we have observed localisation and interaction effects in GaAs which
agree with current theories. although precise analysis of our results is complicated by
the occuvation of two sub-bands.
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Figure 9. The log of electron temperature Tr is plotted against the log of the electric field E
for a lattice temperature of 0.34 K. The straight line shows that Tj x E.
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